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Abstract. In JB2| | a certain f-structure on the derived category of equivariant 
coherent sheaves on the nil-cone of a simple complex algebraic group was intro- 
duced (the so-called perverse t-structure corresponding to the middle perver- 
sity). In the present note we show that the same t-structure can be obtained 
from a natural quasi-exceptional set generating this derived category. As a 
consequence we obtain a bijection between the sets of dominant weights and 
pairs consisting of a nilpotent orbit, and an irreducible representation of the 
centralizer of this elem ent, conjectured by Lusztig and Vogan (and obtained 
by other means in fell). 



1. Introduction 

Let G be a simple complex algebraic group, A be the weight lattice of G, and 
A+ c A be the subset of dominant weights, g be the Lie algebra of G, and jVcg 
be the subvariety of nilpotent elements. 

Let O be the set of pairs (O, L), where O C M is a G-orbit, and L is an irreducible 
representation of the centralizer Zq(ji)^ n e O (up to conjugacy). 

Lusztig and Vogan conjectured (independently) that there exists a natural bi- 
jection between the sets O and A + . (Since the meaning of the word "natural" is 
not specified, this formulation of the conjecture is not precise). 



Existence of such a bijection follows from the main result of [Bl| (the relation 



between the main result of [Bl| and the bijection O <-* A + is explained in 
10.8). The argument of [Bl| uses perverse sheaves on the affine flag variety of the 
Langlands dual group, and some deep results of the geometric theory of Langlands 
correspondence (in particular the construction of 0). In this note we construct a 
bijection O <-> A + by more direct and ele ment ary means. (We do not check here 



that the bijection arising from the result of [Bl] coincides with the one constructed 
below; this will be done elsewhere). 

Let us now describe the content of the paper. We provide a new ("exotic") 
f-structure on the triangulated categories D b (Coh G (A/")), the derived category of 
G-equivariant coherent sheaves on M. The core V of this f-structure is an abelian 
category of finite type (i.e. all objects have finite length); moreover it is a quasi- 
hereditary (or Kazhdan- Lusztig type) category. This means in particular, that V has 
a preferred ordered set of objects called standard objects, another one of costandard 
objects, and both these sets are in canonical bijection with the set of (isomorphism 



classes of) irreducible objects (see section 2.1 below for precise definitions). 

The "exotic" f-structure admits two different descriptions. On the one hand it 
is the perverse f-structure on equivariant coherent sheaves (in the sense of Deligne) 

l 
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corresponding to the middle perversity, see 1 32 ]. This makes clear that (isomor- 
phism classes of) irreducible objects in V are numbered by O; for (O, L) G O let 
ICo,l denote the corresponding irreducible object of V . 

On the other hand, given an abstract triangulated category 2) with an ordered set 
of objects V = {V*} satisfying certain conditions (a set satisfying those conditions 
is called a dualizable quasi-exceptional set generating ID) one can produce a t- 
structure on 2), called the ^-structure of a quasi-exceptional set. The core of this 
^-structure is quasi-hereditary, and V is the set of its costandard objects. We show 
that for D = D b (C oh G (Af)) , the set V = {V A }, A £ A+ consisting of direct images 
of positive line bundles under the Springer map 7r : Af — > Af is a quasi-exceptional 
set generating D b (Coh(N)); and that the corresponding ^-structure coincides with 
the one described in the previous paragraph. 

Thus the bijection between the sets of irreducible and costandard objects in a 
quasi-hereditary category yields a bijection 

O = {ICo.l} <-> V = A+. 

Let us note that our approach is closely related to that of [Q. We recall 
briefly the set-up of loc. cit. Let K G (Af) = K a (Coh G (Af)), K GxC ' '{Af) = 
K a [Coh G (Af)) denote respectively the Grothendieck groups of the category 
of G-equi variant coherent sheaves on Af, and of the category of G x C*-equi variant 
coherent sheaves on Af (where C* acts on Af by t : n — > t 2 n). Then K G {Af) is freely 
generated by the classes of V A (AJ X in notations of ||), A 6 A+; and K GxC * (Af) 
is freely generated as a Z[u, v _1 ]-module by the classes of Va- Here Va is a natural 
lift of V A to Coh GxC (Af) (i.e. a G x C* equivariant coherent sheaf, which gives 
V A upon restricting the equivariance to G)\ and the action of the indeterminate 
v on K GxC (Af) corresponds to the twist by the tautological character of C*. We 
call the set of classes {[Va]} the costandard basis of K GxC (Af). 

In |Q Ostrik conjectures existence of another Z[u, u _1 ]-basis of K GxC (Af), 
which he calls the canonical basis. The latter is characterized by properties similar 
to those characterizing the Kazhdan-Lusztig basis in the (affme) Hecke algebra. 
In particular it is in bijection with the standard basis; and the transition matrix 
between the two bases is upper triangular in a natural order, and is congruent to 
the identity matrix modulo v" 1 . 

In many known examples a 7L\v,v~ x \ module with two bases as above arises 
as a Grothendieck group of a quasi- hereditary graded category (see e.g. jS|), with 
canonical and costandard basis formed respectively by the classes of irreducible and 
costandard objects, so one may ask whether this also happens in the case under 
consideration. Indeed, a straightforward generalization of our construction provides 
a i-structure on D b (Coh GxC (Af)) such that Va are the costandard objects of its 
core V, and ICo,l are its irreducible objects; here ICo.l is a natural lift of ICo,l 
to D b (Coh GxC * (Af)). The classes oiIC ,L form a basis of K GxC " (Af); this basis is 
obtained from the costandard basis by an upper-triangular transformation. In fact, 
{[I~Co,l]} is the canonical basis, whose existence is conjectured in [£)); however, 
this statement is not proved in this note, as I was not able to find a direct proof 



that V is a mixed category in the sense of [BGS], 4.1, which would guarantee that 
the transformation matrix between the two bases is identity modulo v^ 1 (a known 
proof follows from the results of ]AB|]). 
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We remark that the methods of this note originate from the results of ]AB[ . In 
that paper we provide an equivalence between the triangulated category D b (Coh G (Af)) 
and certain category related to the derived category D b (Shjr e ) J where Shj?e is the 
category of perverse sheaves on the affine flag variety T£ of the Langlands dual 
group constant along the Schubert stratification. In particular, we have an essen- 
tially surjective functor F : D b (Shjr e ) -> D b (Coh G (N)). Then F sends the tauto- 
logical i-structure on D b (Shjr e ) (whose core is Shjr e ) into the "exotic" t-structure 
on D b {Coh {N)) introduced in the present paper. 

Finally, we mention that results of ]AB| yield also "exotic" i-structures on the 
triangulated categories D b (Coh G (Af)), D b (Coh G (St)) (where St = Af x ^ J\f is the 
Steinberg variety of triples). Those i-structures have Artinian (finite type) cores, 
and can be described in terms of (quasi)exceptional sets; however, I do not know an 
analogue of the description of the i-structures in terms of perverse coherent sheaves, 
or precise structure of the irreducible objects of their cores. 

Acknowledgements. I am much indebted to Leonid Positselskii for inspir- 
ing discussions, and helpful critical comments. I thank Victor Ostrik and George 
Lusztig for their attention to the work; without their stimulating interest the paper 
may have never appeared. I am also grateful to Bram Broer, Niels Lauritzen and 
Raphael Rouquier for help with references. 

The author is supported by an NSF grant. 



2. Quasi-exceptional sets and quasi-hereditary categories 



Most of this section is a restatement of the result of [BBD on glueing of t 



structures. The results are most probably well known to the experts, and appear 



in some form in the literature (cf e.g. [PS]; I have learnt many of them from 



L. Positselskii); we sketch the argument for the sake of completeness. We work in 
a generality slightly greater than usual (allowing possibly infinite exceptional sets), 
as this does not require any additional efforts (for the application below it would 
suffice to consider finite quasi-exceptional sets only). 

2.1. Quasi-hereditary categories. An abelian category A will be called of finite 
type if any object of A has finite length. Let A be an abelian category of finite type 
with a fixed ordering on the set I of isomorphism classes of irreducible objects. We 
fix a representative Li in each isomorphism class i E I. 

For n £ I let A< n , A< n be the Serre subcategory in A generated by with 
i < n or i < n respectively. Thus A< n , A <n are strictly full abelian subcategories 
of A, and X £ A lies in A< n (respectively in *4< n ) iff any irreducible subquotient 
of X is isomorphic to Li for some i < n (respectively i < n). 

Definition 1. A pair (M n , <f> n ), where M n is an object of A< n , and <f> n : M n L n is 
a nonzero morphism is called a standard cover of L n if the following two properties 
hold. 

i) Ker{(j> n ) £ A <n . 

ii) We have Hom(M„, L{) = = Ext 1 (M„, L») for i < n. 

A pair (N n ,(f) n ), where N n £ A< n , and 4> n : L n — ■> N n is a nonzero morphism 
is called a costandard hull of L n if the following two properties hold, 
i') CoKer{(j) n ) £ A <n . 

ii') We have Hom(L i; N n ) = = Ext 1 (L l , iV") for i < n. 
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We will say that an object M is standard (costandard) if some morphism to 
(from) an irreducible object from (to) M is a standard cover (respectively, a co- 
standard hull). 

Lemma 1. A (co)standard cover (hull) is unique up to a unique isomorphism, if 
exists. 

Proof. If <fi n : M n — > L n and <fi' n : M' n —* L n are two standard covers. Then 
Hom(M ni Ker(<fi' n )) = = Ext 1 (M n ,Ker{(fi' n )) implies that 

Hom(L n , A/ r 'J === >Hom(M„ , M' n ). 

In particular there exists a unique morphism M n — > M' n compatible with <fi n , <f/ n , 
which proves the claim about standard covers. The argument for costandard hulls 
is parallel. □ 

Definition 2. A quasi-hereditary category is a finite type abelian category with 
an ordering on the set of isomorphism classes of irreducible objects, such that a 
standard cover, and an irreducible hull exist for any irreducible object of A. 

2.2. Quasi-exceptional sets. We first fix some notations, partly borrowed from 
]BBD[ . Let 3 be a triangulated category. We will write Horn™ {X, Y) = Hom(X, Y[n]), 



and denote the graded abelian group ®Hom(X, Y[n]) by Horn' (X,Y); also 

n 

Hom >0 (A,Y") = Rom(X, Y[n]) etc. 

n>0 

For an object X of a category we will write [X] for its isomorphism class. For a 
category C let [C] be the set of isomorphism classes of C. 
Let J) be a triangulated category. 

If X, Y are subsets of [D], then X * Y denotes the subset of [D] consisting of 
classes of all objects Z, for which there exists an exact triangl e X — > Z — > Y — > X[l] 



with [X] € X, [Y] € Y. The octahedron axiom implies (see [ BBD |, Lemma 1.3.10) 
that the *-operation is associative, so Xi * X2 • ■ • * X n makes sense. For a subset 
X C [D] let (X) C 3D be the strictly full subcategory defined by 



[(X)] =|Jx*x*---*x, 



where X appears n times in the right-hand side. 

For X C [D] the triangulated subcategory generated by X is the smallest strictly 
full triangulated subcategory £>x C J), such that [£>x] 3 X. Thus 

s x = <U x M>, 

where X[n] = , [X] £ X}. We will say "the triangulated subcategory gen- 

erated by objects/subcategories" instead of "the triangulated category generated 
by the corresponing set of isomorphism classes", and write (X) instead of ({[A]}) 
etc. 

An ordered subset V = {V 1 , i £ 1} of Ob(J)) is called quasi- exceptional if we 
have Hom'(V l , V j ) = for i < j, Hom <0 (V i ,V i ) = 0, and End(V i ) is a division 
algebra for all i. 

For a quasi-exceptional set V, and V* £ V we set T)<i = ©{v^ | j<i}i ®<i = 
®{v 3 I j<i}- 
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For a full triangulated subcategory £>' C 2) we will denote by the factor 

category; then D/D' is again a triangulated category (see jv|, 2.2.10). For X, Y 6 D 
we will denote by X mod 2)' the image of X in and will write X = Y 

mod £>' instead of (X mod £>') = (Y mod ID'). 

Let V = {V 8 , i G /} be a quasi-exceptional set, and let A = {Aj, i G /} be 
another subset of Ob(£>) (in bijection with V). 

We say that A is dual to V if 

(1) Hom'(A„, V 4 ) = for n > i; 
and there exists an isomorphism 

(2) A„^V™ modS <n . 
We set 

0„ d = A„ mod £<„ a V" mod £<„ £ £<„/£<„ 

Lemma 2. J/ V is a quasi- exceptional set, and A is a dual set, then 
a) Hom*(Ai,X) = = Hom'pf, V) /or a// IeS< f . 
&) Horn* (A, , V J ') = unless i = j. 
c) For all X G 2)<i we /iaue 

r „x Hom , (A 4 ,X)=;Hom , (^,X mod ©<<); 

W Hom*(X, V 2 )=^Hom*(X modS)< i ,0,). 

Horn* (Aj, Aj) = /or i > j, and 

(4) Hom^Ai.Ai) ~Hom'(0i,<>i) ~ Hom'(V\ V ,; ) = Hom'(A 4 , V 4 ). 

The induced isomorphisms End(Aj) = End(V 4 ) = End(<)i) are isomorphisms of 
algebras. 

e) Let V be a quasi- exceptional set, and A, A' be two dual sets. Then 

(5) A, S A^ 

for all i; moreover, there exists a unique isomorphism (|E|) compatible with a fixed 
isomorphism (Q). 

f) Assume V is well-ordered (i.e. every subset of A has the minimal element). 
Then we have = 33{A i |i<n}) ®<n = ®{Ai|i<ri}- ^ particular, if V generates 
Q (as a triangulated category), then so does A. 

Proof, (a) is immediate from the definition. 

If z > j, then (b) follows from the first equality in (a); while if i < j, then it 
follows from the second equality in (a). 

By Q, chapitre II, Proposition 2.3.3(a) part (a) of the Lemma implies part (c). 

(d) and (e) follow from (c). 

Finally (f) follows from the definition by (transfinite) induction. □ 

Remark 1. Let V = {V'| i £ 1} be a quasi-exceptional set, and let / be the set 
/ with the opposite ordering. Statement (d) of the Lemma shows that if A is a 
dual set for V, then A is a quasi-exceptional set indexed by /. We say that a 
quasi-exceptional set V is dualizable, if a dual set exists. 



Remark 2. A quasi-exceptional set is called exceptional (see e.g. [BK|) if 2) is k 



linear for a field k, and Hom*(V 4 , V 4 ) = k. It is proved in [BK that if Kom°(X, Y) 
is a finite dimensional k vector space for all X, Y G D, then any (finite) exceptional 
set in D is dualizable. 
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Example 1. The reader can keep in mind the following example. Let D be a full 
subcategory in the bounded derived category of sheaves of fc-vector spaces on a 
reasonable topological space (or of etale sheaves on a reasonable scheme) , consisting 
of complexes whose cohomology is smooth along a fixed stratification. Assume for 
simplicity that the stratum Ej are connected and simply-connected; we write j < i 
if Yjj lies in the closure of Ef. Let jj denote the imbedding of Ej in the space. Let 
Pi be arbitrary integers. Then objects V 4 = j*(fc[Pi]) form a quasi-exceptional set 
generating D, and A$ = jj(fc[pi]) is the dual set. V, A are exceptional iff the strata 
are acyclic. 



Proposition 1. Let X) be a triangulated category. Let L be a totally ordered set, 
and V 1 . i £ L be a dualizable quasi- exceptional set in D, which generates D as a 
triangulated category; let A be the dual set. 

There exists a unique t-structure (D-°,S <0 ) on D, such that V* G A 1 £ 

S— °. Moreover, S— °, £> <0 are given by 

£>0 



(6) 
(7) 



{{V l [d] , i67, d<0}); 



2) <u = <{A,[d] , *€/, d>0}). 



We will need two Lemmas to prove the Proposition. The first one settles the 
case when V = A consists of one element ( " the b ase of induction" ) ; the second one 
allows to use the gluing of t-structure (see [BBjJ]) to make an induction step. 



Lemma 3. jPj a) Let D be a triangulated category, and A C D be a full semisimple 
abelian subcategory, which generates D as a triangulated category. Suppose that 

(8) Hom <0 (A",r) = for X,Y E A. 

Then there exists a unique t-structure on J) whose core contains A; it is given by: 

£<0 



(9) 



U 

i>0 

u my, 

i<0 

2 <0 n2) >0 = ( A y 



>0 



b) The set of isomorphism classes of simple objects of A coincides with the set 
of isomorphism classes of simple objects of {A}. 



Proof, (a) follows from [BBD|, Remarque 1.3.14. More precisely, loc. cit. shows 
that the conclusion of (a) holds for any full subcategory A (1 T> which satisfies (|^) 
and such that 

(10) [A}*[A}[l}c[A][l]*[A] 

(a subcategory satisfying (||), (JTTJ) is called admissible in [BBE], Definition 1.2.5). 



A semisimple full abelian subcategory satisfying (|8|) is readily seen to be admissible 
in this sense; indeed, for such a category we have 

[A]*[A[l]} = {X(BY[l} | X,Y eA}. 

f 



Recall from | BBD |, Proposition 1.2.4 that a sequences 0-^AAyAZ^O 
in an admissible abelian subcategory in D is exact iff there exists a distinguished 
triangle 



X I^Y ^ Z ^ X[l]; 
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in particular this is true for the subcategory (A) = 25-° PI 2)-°, as the core of any 
t-structure is admissible. Hence every object of (A) has a finite filtration whose 
subquotient are simple in A. It remains to see that these objects are also simple in 
(A). But if L £ A is not simple in (A), then there exists a simple object V £ A, 
and a nonzero morphism L' — > L which is not an isomorphism; so L is not simple 
in A. □ 

Corollary 1. 1/2) = ^{x} for an object X G 2) smc/i t/iai Hom <0 (X, X) = 0, and 
End(X) is a division algebra, then there exists a unique t-structure on 2) whose 
core contains X. It is given by 

^° = ({X[{\) \i>0}; 
(11) V^ = ({X[i\)\i<0}); 

D^°n2)^° = {X). 

X is a simple object of the core of this t-structure. 

Proof. Apply the previous Lemma to A = {X® n \ n G Z>o}. □ 

For a subcategory A in an additive category C let us (following frBKfl ) write A 1 - = 

(^4 _L )c (respectively A = ( A)c) for a strictly full subcategory in C consisting of 

objects X for which Rom(A, X) = (respectively Hom(X, A) = 0) for all A £ A. 

The subcategories A- 1 , A are called respectively right and left orthogonal of A. 
Set 2)„ =£ {Ari} , 2) n = 2) {V n } . 

Lemma 4. a J We have 

[2><n] = [S>n] * [£<«]; 
[»<»] = [£><„]* [2)"]. 

2)„ = ( x 2)<„)2)<„; 
2)" = (2) <n )s<„; 

(2>n)»*» =®<« = (^) S <„. 
c) ® <n is a thick (saturated) subcategory in 2)< n . 

d,) TTie projection IT = II„ : 2)< n — ► 2)<„/2)<„ induces equivalences of triangu- 
lated categories 

n| s „ : 2) n =52)< n /D 

n|j,n : S"=5D< n /S <n . 

LT has a left adjoint H l and a right adjoint W. Moreover, H l maps 2)<„/2)<„ to 
2)„ and induces an equivalence inverse to LTjji^; while H r maps 2)<„/2)< n to D n 
and induces an equivalence inverse to n|s>n. 

TTie inclusion functor t : 2)<„ 2)<„ has a left adjoint L and a right 
adjoint i r . Functors i , i r are triangulated (i.e. send distinguished triangles into 
distinguished triangles). 

Proof. It is obvious that D n C ( ± 2)<„) s <„, 2)" = (S< n )x><„. Hence 

[£<„] * [2)„] C [£„] *[©<„]; 

[2)™] * [2)<„] c [2)<„] * [2)"]. 

Now (a) follows from the fact that 2)<„ is generated by 2) n , 2)<„, as well as by 
2)<„, 2)™, by associativity of the star operation. 
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(b) is immediate from (a); (c) follows from (b) because both left and right or- 
thogonal of a triangulated category is a thick subcategory. The rest of the Lemma 
follows e.g. from |v), chapitre II, Proposition 2.3.3 (see also [BK] 1.5-1.9). 

Let us recall the construction of adjoint functors II', IF, l 1 , l t for further refer- 
ence. By part (a) of the Lemma for 1 6D<„ there exist distinguished triangles 

X n — > X — > X <n — > X n [lJ; 

X <n -> X -> X n -» X <n [l] 

with X n G S3 n , X <n , X <n G S3< n , X n G S3". Then we have the following canonical 
isomorphisms 

n9] L l (X)^X <n ; t r (X)^X< n ; 

n l oU{x) = x n ; n r on(i)^r. 



Proof of Proposition [l]. To prove (a) it sufhcies to construct a t-structure on 
S3 satisfying (|), (0): then for another t-structure (S3f°,S3f°) such that A' G 
S3 r °, V, G S3^ we have S3 <0 C S<°, S3^° C S3^°, which implies S3 <0 = S3<°, 
S3- = S3^° (recall that for a triangulated category S3 with a t-structure (S3- , S3 <0 ) 
for an object X G S3 we have X G S3^° <S=*> Rom(Y,X) = VY G S3 <0 ; 
XgS3 <0 Hom(X,F)=0 VT G S3- ). 

We construct by induction a t-structure on S3<„ with 

(13) X>|° =({V l [d] , *<n, d<0}); 

(14) S3|° =({A i [d] , <<n, d>0}}; 

since S3 <n = (J S3<,; we can assume that a t-structure on S3 < „ is already defined. 

Lemma ^ imp lies th at the functors S3<„ — —f S3<„ -—f S3<„/S3 <n satisfy the 
requirements of [BBD] 1.4.3 (to pass from our notations to those of BBD| one 
should set U = j* = f, IT = j\, W = j*; l = i* = i\; l 1 = i*; C r = r). Thus the 
construction of gluing of t-structures {loc. cit. Theorem 1.4.10) is applicable. 

We endow S3<„ with the t-structure obtained by the induction assumption; and 
33< n /33<„ = S3™ with the unique t-structure which has <^>„ in its core (see Lemma 
||). Then |BBD( | Theorem 1.4.10 provides S3<„ with a t-structure given by 

S3!" = {X G S3<„ | l\X) G S3|° & U{X) G (S3<„/S3< n )^ }; 

S3|° = {X G S3<„ | L r (X) G S3|° & U(X) G (S)<„/S)<„)- }. 
In view of (|l^), ( pi] ) we have 

[S3|°J = [{A n [i\ |i>0)]*[S)|°]; 

[®1°] = [2>I»]*[(A»W M < 0>] , 

which implies (p^), (p"3|). The Proposition is proved. □ 

We will call the t-structure defined by (g), (fj]) t/ie t-structure of the quasi- 
exceptional set V. 

Remark 3. The t-structure of th e quasi-exceptional set introduced in Example [l] is 
the "perverse" t-structure | BBL| corresponding to perversity p — (pi). 
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Remark 4. It follows from the axioms of a ^-structure that the t-structure of an 
exceptional set V can be alternatively described as follows. For XeSwe have 

«=> Hom <0 (Ai,J0 = 0VieI; 
( ' X e S <0 4=^ Hom-°(X, V 1 ) = Vt G 7. 

In the situation of Example (|l5| ) turns into the usual definition of a perverse sheaf 
by a condition on stalks and costalks. 

We keep the assumptions of Proposition |l|. Let A be the core of the t-structure 
of the quasi-exceptional set V; r be the corresponding truncation functors, and 
H m = r< m o t> to : D — » .4 be the cohomology functor. 

Define Mi, N* G A by M< = T> (A. i ) = 77° (A,-), and AT* = r< (A l ) = ff°(A*). 
Isomorphism (Q) provides a morphism $j : Aj — > V 1 , which goes to Id& i under 
@, and thus also a morphism i7°($ l ) : Af< -> 2V*. Also set A <n = A H £ <n , 
A< n = A Pi 5?< n ; and let 4„ be the core of the unique t-structure on D< n /D <n 
such that A„ 3 On - 

Proposition 2. Let Li 6e i/ie image of 77°($j) : Mj — > A^ 4 . TTien 7,; is irreducible, 
and any irreducible object of A is isomorphic to Li for some i. 

The order on I induces an order on {[Li]}, and A with this ordering on the set 
of isomorphism classes of irreducible objects is a quasi-hereditary category. The 
canonical morphisms <p n : M n -» L n and <j) n : L n =— > N n are the standard and the 
costandard covers of L n respectively. 

Proof. For any t-category T) with the core A and X E A, A G D-° we have 

(16) Hom(77°(A),X)==5Hom(A,A:); Ext^(77°(A), X) Hom(A, X[l\); 
and dually for V G S)-° we have 

(17) Hom(X, H°(V))^=tiiom(X, V); Ext^(X, 77° (V)) Hom(A", V[l]). 
Thus we have 

(18) Hom(M„, X) = = Bx^{M n , X); 

(19) Hom(X, N n ) = = Ext 1 (AT, N n ) 

for X G A< n . Let us now show that L n is simple in A. Assume that — > X — > 
L„ — » y — > is a short exact sequence. Pick the minimal i such that X, Y G -4< s ;. 
If i > n we get a contradiction because applying the exact functor IL to the exact 
sequence we get an exact sequence 

-y X mod S<j -> -> Y mod £) <s ; -> 

in Ai, which shows that X mod £><i = = Y mod so X, Y G for some 
j < i. Thus i = n; so we have an exact sequence in 4™ 

-» AT mod £<„ -> 0„ -» y mod D<„ -> 0. 

Since <)„ is irreducible by Corollary [l], we see that either X G -4<„ or Y G -4<„. 
However, X is a subobject of AT™, while y is a factor-object of M„; thus we get a 
contradiction with either ( p"8] ) or (|l^) . 
We claim that 



(20) 



A=(L n \nE I). 
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Notice that (|2C]) implies the statement of the Lemma: since a sequences — > X — > 
Y Z — » in .4 is exact iff there exists a distinguished triangle 

liy-^zA x[i], 

( p0[ ) shows that any object of A has a finite filtration with every subquotient iso- 
morphic to L n for some n. To check (|2^) observe that the isomorphism L n = V™ 
mod J)< n implies by induction that Li, i < n generated 2)<„ as a triangulated 
category. So (^0|) follows from Lemma [| □ 

flemaril 5. Fix i G J, and set, (V') j = V J '[1], (V") J = V J '[-1] for j < i; (V') j = 
V J = (V'y for j > i. Then V', V" are dualizable quasi-exceptional sets; let r', t" 
be the truncation functors for the corresponding i-structures. One can show that 

Remark 6. In the situation of Example [l] Proposition || provides the standard de- 
scription of a Goresky-MacPherson IC-sheaf j\*(C) (where £ is a local system) as 
the image of the canonical morphism H p '°(j\(C)) — > H p '°(j*(C)); while Remark 
^| describes as a result of successive applications of the direct image and 



truncation functors, cf |BBD], Proposition 2.1.11 (cf also loc. cit. 2.1.9). 

3. Main result 

The pull-back and push-forward functors for coherent sheaves are understood to 
be the corresponding derived functors, unless stated otherwise. 

We return to the set-up and notations of the introduction. In particular n : J\f = 
T*(G/B) —¥ J\f is the moment map from the cotangent bundle of the flag variety 
G/B to the nil-cone (the Springer-Grothendieck resolution); let also p : J\f — » G/B 
be the projection. 

From now on we set D = D b (Coh G (Af)). 

For a weight A 6 A let Oq/bW be the corresponding G-equivariant line bundle 
on G/B (thus Cg/b( a +/°) is ample for A G A + ); for a parabolic P C G we will write 
Oq/p{X) for the unique equivariant line bundle on G/P whose pull-back to G/B 
is Cg/b(A) if such a line bundle exists; for a variety X with a map / : X — > G/P 
we will denote f*(0 G/P (X)) by O x (X); we will write T(X) instead of T® O x (X) 
for T e D b (Coh x ) etc. For A e A+ we set V\ = H°(G/B, O g/b (X)). 

We define A x g S by A A = Att^O^ (A)). 

Let be the Weyl group. For A £ A we denote its W orbit by VF(A); let 
conv(X) be the intersection of the convex hull of W(X) with A, and conv°(X) be the 
complement to W(X) in conw(A). 

For a subset 5 C A let 

£s = £ { a a , ags} = (Ax[n], XeS, n g Z) 
be the triangulated subcategory of D generated by Aa, A G 5. 
Proposition 3. For w <E W there exists a canonical isomorphism 
(21) A\ = mod D com) o (A) . 



Proof is a variation of a classical argument going back at least to | Dcm 



Let a be a simple root, s a G W the corresponding simple reflection. It sufficies 



to construct (21) for w = s a and A G A such that s a (X) = X — na, n > 0. 
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tt* (p*(Va')(A - A')) = A\ mod D C onv°(X)- 
[tt, (p*(Vv) (A - A' - a))] € [A A _„ Q ] * ••• * [A A _ Q ] 



Let pr a : G/B — > G/P a be the projection, where -P Q is the minimal parabolic 
corresponding to a. Let G' — > G be the universal covering, and let A' D A be 
the weight lattice of G'. There exists A' € A' such that s a (X') = A' — (n — l)a. 
Set Va' = praPr Q * (^G/s(A')). Thus Vv is G'-equivariant vector bundle; it has a 
G'-invariant filtration with subquotients s Q (A'), s Q (A') + a, . . . , A'. We claim that 

(22) tt* (p*(Vv)(A - A')) = tt» (p*(VxO (A - A' - a)) . 

Since p*(V A <)(A — A') is a G-equivariant vector bundle on A/" equipped with a filtra- 
tion whose subquotients are O j^{X — ka), k = 0, . . . , n — 1, we have 

[tt. (p*(Vv)(A - A'))] G [A A _ (n _ 1)Q ] * ••• * L4 A ], 

and 

Similarly 
hence 

TT* (P*(Va') (s a (A - A'))) = Ax-na = ^-s a (X) mod D conl ,0( A ). 

Thus (||) yields ©. 

It remains to check @. Set AA a = T*(G/P a ) x G/Pa G/B; the differential of pr Q 
provides a closed imbedding Af a <^-» A/". We have an exact sequence in Coh G {N) 

(23) -> 0#(a) -> 0# - 0# a - 0. 

Tensoring it with p*(V A ')(A — A' — a) we see that to check ( p2| ) it suffices to verify 
that 

tt* (0# a <g> P*(VaO(A - A' - a)) = 0. 
We claim that in fact a stronger equality 

< [°N a ®P*(V x ,)(\-\' -a)) =0 
holds, where 7r' is the projection 

tt' : A; = T*{G/P a ) x G/Pa G/B — > T*(G/P a ). 

Indeed, the fibers of 7r' are projective lines, and O^y- ®p*(V A ')(A — A' — a) is readily 
seen to be isomorphic to a sum of several copies of 0pi (—1) when restricted to any 
fiber of tt'. □ 

Proposition 4. a) Let A e A+. TTiera Hom(,4 A , A A ) = C, and Hom <0 (A A , A\) = 
0. Also for any /i S A we have: 

(24) Hom*(>4 M ,4x) = if A conv(fi). 
b) For A, /i G A + , X n we have 

(25) Hom'CA^.yU) = 0, 
where wq G W be the element of maximal length. 

We will need the following known fact. 
Fact 1. (Br), || a) For dominant A we /iawe H^Af, 0(A)) = /or i ^ 0, and 

(26) dimHom G (V A1 , J ff (A/',O(A)) = n^, 

where is t/ie multiplicity of weight X in V^. 
b) R'tt^O^ = Om- □ 
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Remark 7. We will only use ( |2q ) in the case when [i conv(\), so both sides 
vanish. 

Proof of Proposition [|(a) . By Fact |l| A x is a sheaf (rather than a complex) for 
A G A + ; thus of course Hom <0 (A A , A x ) — 0. Also A x is torsion free and has generic 
rank 1, hence Rom G (A x , A\) — C, because TV has an open orbit. It remains to 
check (§J). 

From Fact it follows that if A G A+, then R i T(A x ) = H l (J\f,0(Xj) = for 
i jt 0, and Hom G (V A1 ,r(A A )) = Hom G (F M! T(Af, 0(A))) = unless A € conv(n). 
Thus we get 

(27) Hom*(V^ (8> 0, Ax) = Homc(V^, R'T(A X )) = if A £ convex). 

Introduce a (nonstandard) order on A by ^ v-i if fi G conv{v2). We fix A, and 
proceed by induction in /i in that order. We can assume that (p4[) holds for all 
/i' G conv°{n). Now notice that ® Og/b carries a filtration whose associated 
graded is 

Hence 

K ® o^] = [7r*p*(^ ® o G/B )] g {[^rii * ■ ■ • {[A,:"}}, 

where Ui,...,Vk are weights on . The induction assumption says that Horn* [A v , A x ) = 
for all v G conv (jj,). Thus the last equality implies that 

(28) 

[0] = [Hom'(Vv ®0 Ml A x )]E {[Horn* (A v ^ h , A x )]} * • • • * {[Rom' (A^\ A x )}} = 
{[Hom'(A„ A x )}} * {[Rom'{A Wl ^ ) ,A x )}} * ••• * {[Rom'{A WsM ,A x )]}, 

where [i, wi(fi), . . . ,w s ((j,) are extremal weights of (here we view Horn* as an 
object of D + (Vectc)). By Proposition [| A w ^ = A^ mod D co „ l) o( A1 ), thus by the 
induction assumption, Rom' (A w ^, A x ) = Hom m (A fl , A\) for all w G W. So (28) 
can be rewritten as 

[0] G {[Rom'(A IM ,A x )}}*{[Rom'(A tl ,A x )]}*---*{[Rom'(A IM ,A x )]}, 

where the number of terms in the right-hand side is the number of extremal weights 
in Vfj,. Now ( |24| ) follows from the next standard Lemma, applied to A = Vect, 
V = Rom' (A^A X ). □ 

Lemma 5. Let V G D + (A) for an abelian category A. If 

[0] G {[V]} * {[V]} * ■ ■ ■ * {[V]} 
(where V is repeated n times, n > 1), then V = 0. 

Proof. Otherwise, if i is minimal, such that W{V) ^ 0, then H l (V) ^ H l (X) for 

[X] g {[v]}*{[v]}* •••*{\y]}. □ 

Proof of Proposition ^(b). If A ^ conv(p), then ( p5| ) follows from (|24|). Otherwise, 
wo(—[i,) ^ conv(-X). Recall that the Grothendieck-Serre duali ty S is an anti- 
autoequivalence of 2), such that S(A X ) = A_ A [dimA/], see section below. Thus 
we have 

Rom'(A Woip) ,A x ) = Rom'(S(A x ),S(A Wo(jl) )) = Horn* (A_ x ,A Wo (_„)), 
which again vanishes by (p3). □ 
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Proposition 5. 3D is generated by A\, A G A + . 

Lemma 6. Q Let X be an algebraic variety over C, and p : Y — > X be a vector 
bundle; let G be a linear algebraic group acting on X, Y , so that p is G-equivariant. 
Then D b (Coh G (Y)) is generated as a triangulated category by objects of the form 
p*(J-), T G Coh G (X). 



Proof. See e.g. ]CG| , p. 266 (last paragraph). □ 

Corollary 2. D b (Coh G (Af)) is generated by the objects Gtf{X), A G A. 

Proof. The category Coh G (G/B) is identified with the category of representations 
of B; in particular, any object of Coh G (G/B) is a vector bundle, which carries 
a filtration with subquotients being Og/b(A), A G A. Now apply Lemma ^| to 
X = G/B, Y=JV.n 

Lemma 7. The image of the functor ir* : D b (Coh G {Af)) — * S generates D as a 
triangulated category. 

Proof, (cf e.g. (cj, Lemma 2.2). It is enough to show that for T G £> there exists 
T G D b (Coh G (M)) and a morphism : T — > 7r»(jF) such that the support of 
its cone Cone((j)) is strictly smaller than the support of T . We can assume that 
T G Coh G (Af) C D, and also that the scheme-theoretic support of T is reduced. 
Let O C M be a G-orbit which is open in the support of J 7 , and O be its closure. 
It is well known that there exists a parabolic subgroup Po, and a G-equivariant 
subbundle Afo C T*{G/Po), such that 7ro : A/q — > O is birational (and thus is a 
resolution of singularities of O); here 7ro is the restriction to Mo of the moment map 
T*(G/Po) — > A/" (more presicely, for a; G O one can define Po, TVo by po = 0>o> 
jVo = fl>2 x p here g>i are the terms of the Jacobson-Morozov-Deligne filtration 



on the Lie algebra q associated to the nilpotent operator ad(x), see [Dc|, 1.6, and 
po is the Lie algebra of Po). Let i be the imbedding No x g/p G/B M, and 
set T — (tt o i)*{J-) (the non-derived pull-back). We have a canonical adjunction 
morphism T —> (jr oi)„(J r ) (where we again consider the non-derived direct image). 
The composition 

is an isomorphism on O, because the fiber of 7r o i over a point of O is Pol B, (the 
flag variety for the Levi subgroup), and the structure sheaf of Po/B is acyclic; 
hence the cone of this composition has smaller support. □ 

Proof of Proposition [H| It follows directly from Lemma ^ and Corollary || that 
2) is generated by A\, A G A. So it is enough to show that for A G A + the category 
5) conK m is generated by A^, [i G A + n conv(X). This follows by induction in A 
(with respect to the standard partial order on A + ) from Proposition a. □ 

Propositions ^, ^ and || yield the following 

Theorem 1. Let us equip A + with any total ordering < compatible with the stan- 
dard partial order (i.e A G conv(/i) => A < ji). Then the set {A\ \ A G A + } is a 
quasi- exceptional set generating D. The set 

{A WoW | A G A+} 



1 Our assumptions in this Lemma coincide with those of ]CG| ; the statement is apparently true 
in a more general situation. 
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is a dual quasi- exceptional set. 



Remark 8. The set {^4a} is not exceptional. For example, one can show that if 
G = SL(2), and A = 1, then Ext^A, t! a ) - C for all i > 0. It is also easy to 
see, that T> = D b (Coh G (AT)) is not generated by any exceptional set (for otherwise 
Horn* (X, Y) would be finite dimensional for all X, Y £ D, while this is not so in 
the above example X = Y — A\, G = SL(2)). Notice, however, that the "larger" 
category D b (Coh G (Af)) is generated by the set 0(A), A £ A, which can be shown 
to be exceptional for any ordering on A, which is compatible with the standard 
partial order. 

Remark 9. Let U\ : D<\ — » Q<\/D < \ be the projection; by Theorem [I] Lemma 
H (d) we have left and right adjoint functors LT A : Q<\/Q < \ — > S)^ (A) , and 
H3; : D< A /D <A - ® Ax - For A E A+ set 

A A = n A (V A ®0Af); 
a wo(A ) =n A (v A g)0^). 

Then we have 

Horn' (A Wo ( A) , A^) = = Horn* ( A WQ ( A) , A p ) 
for A ^ /i 6 A + , and 

Hom*(A Wo(A) , J 4 A ) = C = Hom*(A Wo(A) , A A ), 

where the latter equality follows from (f2(f). 

We claim that A A , A. Wo ^ admit the following geometric description. 

For A £ A let P\ be the largest parabolic such that 0g/b(A) is isomorphic to the 
pull-back of a line bundle on G/P\; let p A be its Lie algebra. Set g A = p A Xp A G, 
and let 7r A : g A — > g be the projection. Then we have 

(29) A A = i*7r A *(0g A (A)); 



(30) ^jSli^^^fA))), 

where i : TV — > g is the imbedding, and 0g A (A) is defined by means of the obvious 
projection g A -> G/P A . 

Indeed, the familiar morphism V\ ® Oq/p x — > 0g/p a (A) yields a morphism 
Va (8> 0g A — > 0g A (A), and hence also morphisms 

^A®0 fl -VTA*(0B A (A)), 

Vx®0aa->**^a*(0sa(A)); 

and thus a morphism from the left-hand side to the right-hand side of (^9|) . Since 
both objects in question lie in (A\) and have length dim(P"* (G/P\)), it sufficies 
to check that this morphism is injective. This would follow if we show that the 

composition Au, (a) — > V\ <8> 0a/" Aa is non-zero, where the first arrow is the 
only (up to a constant) non-zero morphism A Wa (\^ — * V\. Thus it sufficies to see 
that cf>\j\f is surjective, where A/q C N is the open orbit. Surjectivity of (j>\x follows 



from the next Lemma, which is an unpublished result of Bram Broer. Finally (30) 
follows from (E9h by Grothcndicck-Serre duality. 



SHEAVES ON NILPOTENT CONE 



15 



Lemma 8. Let e € q be a regular nilpotent, let g\ be the preimage of e under tt\, 
and (G/P\) e be the image of g e x in G/P\ (thus (G/P\) e is a nilpotent scheme of 
length dim H*(G/P X )). 
Then the restriction map 

(31) V\ = T(G/P X , 0(A)) - r((G/ P\) e , 0(A)) 

is surjective. □ 

Remark 10. Victor Ginzburg pointed out to us that the surjection ( |3l| ) probably 
admits the following alternative description. One can realize V\ as the total co- 
homology of an irreducible perverse sheaf IC\ on the affine Grassmanian Qv of 
the Langlands dual group L G, equivariant under the maximal bounded subgroup 



G{0) in the loop group G(K), see ]Gi|, |MV| . Ginzburg conjectures that one 



can identify T((G/P\) e , 0(A)) with cohomology (with constant coefficients) of the 
open L G{0) orbit Qt\ in the support of IC\, so that ( |3l| ) is identified with the 
restriction map 

(32) H'(ICx) - H'(ICx\ex x ) = H'(C gVx [dim(Gxx)}), 

where Cg tA is the constant sheaf on Qt\ . 
Notice that it is easy to see that 

H'{Qx x ) - H'{ L G/ L P X -) - H'(G/P X ) - r((G/ P\) e , 0), 

where A" is a weight of L G obtained from A by means of an invariant quadratic form 
on q. Thus at least the dimensions of the target spaces in (ph) and (p2|) coincide. 



3.1. Comparison with perverse coherent t-structure. Recall the coherent 
perverse t-structure on 2), corresponding to the middle perversity, p(0) = — dlr "(°) 



for a G-orbit O C Af, see g|. We let D p ' >0 , denote the corresponding 

positive and negative subcategories, and V = ID P '- n be its core. 

Let S : D -> D op be the Grothendieck-Serre duality; 5 : X i-> RHom (X, PC), 



where BG is the equivariant dualizing complex, cf. [B2|, Definition 1 (we assume 



that the dualizing complex is normalized in the standard way, i.e. IDG = pr'(C), 
where pr is the projection to Spec(C)). 
Set d = dim(A0/2. 

Lemma 9. We have A\[d\ € "P /or all A. 

Proof. We have <S(Ax)[<2] = A_a[g?], because duality commutes with proper direct 
images, and the (equivariant) dualizing sheaf on J\f is isomorphic to 0_^[2<i]. Thus 
it is enough to check conditions on stalks on i.e. for an orbit O C AT we have 

to see that 

i*o ee M- X ) e S)^ (o)+d (0 Ogen - mod), 
where io gon : O gon O is the imbedding of the generic point of O into J\f (see 



B2 , Definition 2, Lemma 5(a)). This follows from the two well-known facts: that 
7r is a semi-small morphism, (i.e. dim(A/" x M) = dim J\f, so that dim(7r _1 (a;)) < 
icodim(O) = p(0) + d for an orbit O C Af, x e O); and that the homologi- 
cal dimension of the direct image functor 7T* for coherent sheaves under a proper 
morphism 7r of algebraic varieties over a field equals the dimension of it (maximal 



dimension of a fiber of 7r) (see e.g. ]CG| , 3.3.20, 8.9.19; and [Ha| Corollary 11.2 
respectively). □ 
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For (O, L) G O (notations of the Introduction) let C be the G-equivariant vector 
bundle on O corresponing to L, and j : O TV" be the imbedding. We set 

ICox =MC[ P (0)}) £D b (Coh), 



sec p2{ , 3.2 for the definition of the minimal (Goresky-MacPherson) extension 
functor ji* for coherent sheaves. 

Remark 11. We do not know an explicit description of the object ICo,l m general; 
however, in the particular case when L = C is the trivial representation they are 

easy to describe. Namely, we claim that for any orbit O ^ N we have 
(33) IC ,l = j*O o \p(0)} = N40)\p(0)], 

where j» stands for the non-derived direct image, and N is the normalization mor- 
phism for O (cf. Conjecture 4 in Q). Indeed, the result of JHj, |Pa| implies that 
the normalization of O is Cohen-Macaulay; hence 

S(N*(OMO)}) G Coh G (N)[ P {0)l 

which yields (|33|). 

Ostrik pointed out to us that a similar statement is probably true for (0,L) G O 



if L has finite image, due to the result of [Br2 



Corollary 3. a) The perverse t-structure on D b (C ohP (J\f)) corresponding to the 
middle perversity (] ]B2fl . Theorem 1; Example 1) coincides with the t-structure of 
the dualizable quasi- exceptional set V> = ^U[d]- 

b) The core V of this t-structure is a quasi-hereditary category. 

The set of isomorphism classes of irreducible objects in V equals {[ICo l] \ (O, L) G 

o}. 

The set of isomorphism classes of co standard objects equals {[V A ] = [A^[d]] | A G 
A + }; and that of standard objects equals {[A\] — [A wa ^\) [d]] \ A G A + }. 

Proof, (a) follows directly from Lemma ^, and Proposition [l]. First statement in 



part (b) is a particular case of Corollary 4 in Bl]. The rest follows from Proposition 

!□ 

Corollary 4. a) The Grothendieck group K°(D) is a free abelian group; each of 
the sets {[A\] | A G A + }, {[ICo,l] | (0,L) G O} forms a basis of this group. 

b) There exists a unique bijection between A + and O, A i— > {0\,L\) satisfying 
either of the following equivalent properties. 

(i) H.om(IC Ox ,L x ,A x [d})^0. 

(i') Rom(A WoW [d],IC 0x ,L x )^0. 

(ii) There exists a morphism ICo x ,L\ A\[d] whose cone lies in D C onv°(\)- 
{ii') There exists a morphism A Wo ^)[d] — > ICo x ,l x whose cone lies inD conv o^y 
(Hi) IC 0x ,l x G D 

CO I i 'U (A) for a U A. 

(iv) [ICo x ,l x ] H es i n the span of[A^\, // G A + Oconv(X), i.e. the transformation 
matrix between the two bases is upper triangular. 

(v) [IC 0x ,l x ] - (-l) d [A\] lies in the span of [A^], p, G conv°(X) n A+. □ 
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